Abstract The purpose of this research is to propose a new approach named the shifted Bessel Tau (SBT) method for solving higher-order ordinary differential equations (ODE). The operational matrices of derivative, integral and product of shifted Bessel polynomials on the interval [a, b] are calculated. These matrices together with the Tau method are utilized to reduce the solution of the higher-order ODE to the solution of a system of algebraic equations with unknown Bessel coefficients. The comparisons between the results of the present work and other the numerical method are shown that the present work is computationally simple and highly accurate.
Introduction
Differential equations and their solutions play a major role in science and engineering. A physical event can be modeled by the differential equation, an integral equation or an integro-differential equation or a system of these equations. Since few of these equations cannot be solved explicitly, it is often necessary to resort to the numerical techniques which are appropriate combinations of numerical integration and interpolation. The solution of this equation occurring in physics, biology and engineering are based on numerical methods. One of the powerful method for solving the ordinary differential equations, integral and integro-differential equations are spectral methods in both terms of accuracy and simplicity. Spectral methods, in the context of numerical schemes for differential equations, generically belong to the family of weighted residual methods (WRMs) [1] . WRMs represent a particular group of approximation techniques, in which the residuals (or errors) are minimized in a certain way and thereby leading to specific methods, including Galerkin, Petrov-Galerkin, collocation and Tau formulations [2, 3, 4, 5] . The basis of spectral method is always polynomials (orthogonal polynomials). These types of basis for approximation of enough smooth functions in the finite domain leads to the exponential convergence. In Tau method, the operational matrices of derivative, integral and product of basis functions are obtained and then these matrices together to reduce the solution of these problems to the solution of a system of algebraic equations. Tau method is based on expanding the required approximate solution as the elements of a complete set of basis functions. Polynomial series and orthogonal functions have received considerable attention in dealing with various problems of differential, integral and integro-differential equations. Polynomials are incredibly useful mathematical tools as they are simply defined and can be calculated quickly on computer systems and represent a tremendous variety of functions. They can be differentiated and integrated easily, and can be pieced together to form spline curves that can approximate any function to any accuracy desired. Also, the main characteristic of this technique is that it reduces these problems to those of solving a system of algebraic equations, thus greatly simplifies the problems. In recent years, the differential, integral and integro-differential equations have been solved using the homotopy perturbation method [8, 9] , the fractional order of rational Bessel functions collocation (FRBC) method [54] , the radial basis functions method [10] , the collocation method [11] , the Homotopy analysis method [12, 13] , the Tau method [14, 15] , the Variational iteration method [16, 17] , the Legendre matrix method [7, 18] , the Haar Wavelets operational matrix [19] , the Shifted Chebyshev direct method [20] , the generalized fractional order of the Chebyshev collocation approach [42] , the Legendre Wavelets operational matrix [21] , Sine-Cosine Wavelets operational matrix [22] , the operational matrices of Bernstein polynomials [23] . Razzaghi et al. in [24, 25, 26] presented the integral and product operational matrices based on the Fourier, the Taylor and the shifted-Jacobi series. Parand et al. in [27, 28, 29, 30] ap-plied the spectral method to solve nonlinear ordinary differential equations on semi-infinite intervals. Their approach was based on a rational Tau method. They obtained the operational matrices of derivative and product of rational Chebyshev and Legendre functions and then applied these matrices together with the Tau method to reduce the solution of these problems to the solution of a system of algebraic equations. Doha [31] has derived the shifted Jacobi operational matrix of fractional derivatives which is applied together with the spectral Tau method for the numerical solution of dynamical systems.Yousefi et al. in [32, 33, 34, 35] have presented Legendre wavelets and Bernstein operational matrices and used them to solve miscellaneous systems. Also, recently, in [36] a new shifted-Chebyshev operational matrix of fractional integration of arbitrary order is introduced and applied together with the spectral Tau method for solving linear fractional differential equations (FDEs). In [37, 38] the operational matrix form in a Hybrid of block-pulse functions and another set of functions like Taylor series, Legendre and Chebyshev has been used for finding the solution of the various classes of dynamical systems. Lakestani [39] constructed the operational matrix of fractional derivative of order α in the Caputo sense using the linear B-spline functions. In [40] , a general formulation for the d dimensional orthogonal functions and their derivative and product matrices has been presented. Ordinary operational matrices have been utilized together with the Tau method to reduce the solution of partial differential equations (PDEs) to the solution of a system of algebraic equations. Recently in [41] , a class of two dimensional nonlinear Volterra's integral equations has been solved using operational matrices of Legendre polynomials. The operational matrices of integration and product together with the collocation points have been utilized to reduce the solution of the integral equation to the solution of a nonlinear algebraic equation system.
The remainder of the paper is organized as follows: In section 2, the function approximation and convergence of the method by using Bessel polynomials are illustrated . In sections 3, the general procedure for formulation of operational matrices of integration, differentiation, and product are explained and are proved. In section 4, our numerical findings and demonstrate the validity, accuracy and applicability of the operational matrices by considering numerical examples are reported. Also a conclusion is given in the last section.
Bessel Polynomials
The Bessel functions arise in many problems in physics possessing cylindrical symmetry, such as the vibrations of circular drumheads and the radial modes in optical fibers. Bessel functions are usually defined as a particular solution of a linear differential equation of the second order which known as Bessel's equation.
Bessel differential equation of order n ∈ R is:
One of the solutions of Eq. (1) by applying the method of Frobenius is as follows [43] :
where series (2) is convergent for all x ∈ (−∞, ∞). Bessel functions and polynomials are used to solve the more number of problems in physics, engineering, mathematics, and etc., such as Blasius equation, Lane-Emden equations, integro-differential equations of the fractional order, unsteady gas equation, systems of linear Volterra integral equations, high-order linear complex differential equations in circular domains, systems of high-order linear Fredholm integro-differential equations, nolinear ThomasFermi on semi-infinite domain, etc. [44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54] .
Bessel polynomials has been introduced as follows [49] :
where n ∈ N, and N is the number of basis of Bessel polynomials. Now, We introduce new shifted Bessel equation in the interval [a, b] by:
where a, b ∈ R.
Approximation of functions
Let us define Γ = {x| a ≤ x ≤ b} and L 
Now, suppose that
Notice that we can write b(x) function as a linear combination of the basis vectors of Q N subspace. We know function of f (x) can be expanded by N + 1 terms of Bessel polynomials as:
where
N and b(x) ∈ Q N are orthogonal which we denote it by:
vector is orthogonal over all of basis vectors of Q N subspace as:
therefore A can be obtained by
w , where
is an (N + 1)(N + 1) matrix and is said dual matrix of Q(x).
Convergence of the method
The following theorem shows that by increasing N , the approximation solution f N (x) is convergent to f (x) exponentially.
with 0 ξ x, ∀x ∈ [0, b]. And thus
.., N, and Q N is the subspace generated by
is the best approximation to f from Q N , then the error bound is presented as follows
Proof. By theorem 1, we have y(x) = N i=0
Since the best approximation to f (x) from Q N is F T Q(x), and y(x) ∈ Q N , thus
where the weight function is w(x) = 1 b , thus by integration of above equation, Eq. (7) can be proved .
Operational matrices
Now, we can show Q(x) as metrix product of Y and X s (x) as follows:
where [47, 48, 49, 50, 51, 52] :
In this step, X s (x) as metrix product of S and X(x) are expaned as follows:
Therfore, Q(x) will be rewritten as follows:
where M = YS. We know a triangular matrix is invertible if and only if all its diagonal entries are nonzero, and the product of two invertible matrices also invertible, so
This shows that we can represent X(x) as metrix product of M −1 and Q(x).
The operational matrix of derivative
Let start this section by introducing the operational matrix of derivative of X(x) vector as follows:
The matrix D is named as the (N + 1)×(N + 1) operational matrix of derivative if and only if
Lemma 1. Suppose that M, M −1 and D are (N + 1)×(N + 1) matrices which satisfy respectively Eqs. (10), (11) and (13) . Then
Proof: By using expansion of
Remark: If D be a first order operational matrix of drivative of Q(x) then kth order operational matrix of drivative of Q(x) is as follows:
Operational matrix of integral
The integral operational matrix for basis vector X(x) operates as:
where We just need to approximate
According to the relation (3), we have
thus
The matrix I is named as the (N + 1)×(N + 1) operational matrix of the derivative of the vector Q(x) if and only if
Lemma 2. Suppose that M, M −1 and L are the (N + 1)×(N + 1) matrices which satisfy respectively Eqs (10), (11) and (18), then
Proof: By using expansion of x a Q(t)dt, we have
.
The operational matrix of product
The following property of the product of two X(x) vectors will also be applied as follows:
According to the relation (3), we have (11) and (20) . Then
Proof: Assume that V = M T C so by using expansion of Q(x)Q(x) T C, we have
Illustrative examples
In the present paper, to illustrate the effectiveness of Tau method, several test examples are carried out. A comparison of our results with those obtained by other methods reveals that our methods are very effective and convenient. Now we will demonstrate the use of the SBT method in several engineering problems.
Example 1: We consider the governing equation for unsteady two-dimensional flow and heat transfer of a viscous fluid [56] which the equation is convertible to the following system of the nonlinear equations:
with the boundary conditions
To solve this example, we approximate f (x) and θ(x) functions by N + 1 basis of the shifted Bessel polynomials on the interval [0, 1] as bellow:
T . By using Eqs. (13) and (20) we have:
, and D j is the jth power of the matrix D and we also have:
where u = [0, 1, 0, 0, ..., 0] T . Therefore, Eqs. (22) and (23) can be rewritten as:
Now, by using Tau method [57] and Eq. (4), we have:
Since K is an invertible matrix, thus one has:
In this method, to satisfy the boundary conditions Eq. (24), we have substituted the four following equations in four rows of Eq. (31):
and we have also substituted two following equations in two rows of Eq. (32):
Finally, we generate 2N + 2 algebraic equations, therefore by solving above equations the unknown vectors F and C are achieved. Effects of deformation parameter S and porosity parameter A are displayed in Figs. (1) and (2). Fig. (3) shows the influences of flow parameters (in suction case) on the temperature profile. Fig. (4) shows the influences of physical parameters on velocity and temperature distributions in the case of injection. Fig.(5) shows residual error by the SBT method with N = 15 on f ′ (x) and θ(x) for the suction cases. Tables (1) and (2) show a comparison between the given values f ′ (x) and θ(x) by the variational iteration method (VIM) [56] and the SBT methods with N = 15 for A = 0.1, S = 0.1, M = 0.2, P r = 0.3, Ec = 0.2 and δ = 0.1. It is evident from the table that the present method is efficiency and accuracy of VIM method. 
with the initial conditions
The exact solution of this problem is
To solve this example, we approximate y ′′ (x) functions by N + 1 basis of the Bessel polynomials on the interval [0, 3] as bellows:
where A = [a 0 , a 1 , ..., a N ] T . By using Eqs. (13) and (20) we have:
For approximating the solution y ′ (x) and y(x), we apply one and two-time integration on both sides Eq. (48): 
As in a typical Tau method [57] , we have:
Finally, we generate N + 1 algebraic equations, therefore by solving above equations the unknown vector A is achieved. Table ( 
with the boundary condition
To solve this example, we approximate y ′ (x) functions by N + 1 basis of shifted Bessel polynomials on the interval [0, 1] as bellows:
w ,. Therefore, Eq. (39) can be rewritten as:
In this step, we generate N + 1 algebraic equations, therefore by solving above equations the unknown vector A is achieved. The residual error graphs of the nonlinear Abel equation obtained by present method for N = 5 and 10 are shown in Figure (7) . Table (5) displays given values y(x) by the fractional order of the Chebyshev orthogonal functions (FCFs) collocation method used by parand et al. [58] , the present method and the residual error with N = 10.
Example 4: Consider the nonlinear the standard Lane-Emden problem
Thus, the solution of the Lane-Emden equation is obtained by the SBT method with N = 8 and N = 12.
The residual error graphs of the nonlinear standard Lane-Emden obtained by the present method for N = 8 and 12 are shown in Figure (8) . Table ( 6) reports the comparison of the obtained values y(x) by the present method with N = 12, Horedt [59] , the Bessel orthogonal functions collocation (BFC) method utilized by Parand et al. [45] and the Chebyshev orthogonal functions (GFCFs) collocation method proposed by Parand et al. [60] .
Example 5: Finally, consider the boundary-value the Troesch's problem
We approximate y(x) functions by N + 1 basis of shifted Bessel polynomials on the interval [0, 1] as bellows:
where A = [a 0 , a 1 , ..., a N ] T . By using the SBT technique described in the paper, we can generate a set of linear algebraic equations as follows:
where Q(x)Q(x) T A ≃ÃQ(x). To satisfy the boundary conditions Eq. (47), we have substituted the following equations in two rows of Eq. (48):
Table (7) displays the comparison of the obtained values y(x) by the modified non-linear shooting method (MNLSM) applied by Alias [62] , the numerical scheme based on the modified homotopy perturbation technique used by [63] and the present method with N = 10 and γ = 0.5.
Conclusion
The shifted Bessel Tau (SBT) method is a useful technique for solving ordinary differential equations. Numerical programs using this method are often considerably faster with greater accuracy than other standard techniques such as the variational iteration method, shooting method and homotopy perturbation technique. Interest in the Tau method, for a long time regarded only as a tool for the construction of accurate approximations of a very restricted class of functions, has been enhanced. In this investigation, the Bessel polynomials operational matrices of integration, differentiation, and product are derived. A general procedure for the formulation of these matrices is given. By utilizing the operational matrices and the Tau method, we reduce the solution of the original equations to the solution of a nonlinear algebraic equation system. Therefore, all of these equations can be solved by Newton method for the unknown coefficients. Some problems with initial or boundary conditions are considered in one dimensional contexts, although the proposed technique can be easily implemented for two and three dimensional problems. The main advantage of the present method is its simplicity and convenience for computer algorithms. Illustrative examples demonstrate the validity and applicability of the present method. Table 5 Numerical given values y(x) by FCFs collocation method [58] and the present method with N = 10, Example 3. [63] and the present method with N = 10 and γ = 0.5, Example 5. 
